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Abstract. For positive integers n ≥ 2 and m ≥ 1, suppose that function f ∈ C 4 (B n , R m ) ∩ C 1 (B n , R m ) satisfying the following: (1) the inhomogeneous biharmonic equation ∆(∆f ) = g (g ∈ C(B n , R m )) in B n , (2) the boundary conditions f = ϕ 1 (ϕ 1 ∈ C 1 (S n−1 , R m )) on S n−1 and ∂f /∂n = ϕ 2 ( ϕ 2 ∈ C(S n−1 , R m )) on S n−1 , where ∂/∂n stands for the inward normal derivative, B n is the unit ball in R n and S n−1 is the unit sphere of B n . First, we establish the representation formula of solutions to the above inhomogeneous biharmonic Dirichlet problem, and then discuss the Heinz-Schwarz type inequalities and the modulus of continuity of the solutions.
Introduction and main results
1.1. Notations. For a positive integer n ≥ 2, let R n and R = R 1 be the usual real vector space of dimension n and the set of real numbers, respectively. Let B n (x 0 , r) = {x ∈ R n : |x − x 0 | < r}, B n (x 0 , r) = {x ∈ R n : |x − x 0 | ≤ r} and S n−1 (x 0 , r) = ∂B n (x 0 , r), where r > 0. We write B n := B n (0, 1) and S n−1 := S n−1 (0, 1). Set D = B 2 , the open unit disk in the complex plane C ∼ = R 2 . For m ∈ N := {1, 2, . . .} and k ∈ N 0 = N ∪ {0}, we denote by C k (Ω 1 , Ω 2 ) the set of all k-times continuously differentiable functions from Ω 1 into Ω 2 , where Ω 1 and Ω 2 are subsets of R n and R m , respectively. In particular, let C(Ω 1 , Ω 2 ) := C 0 (Ω 1 , Ω 2 ), the set of all continuous functions of Ω 1 into Ω 2 .
Inhomogeneous biharmonic equation.
For n ≥ 2 and m ≥ 1, let f = (f 1 , . . . , f m ) ∈ C 4 (B n , R m ) ∩ C 1 (B n , R m ), ϕ 1 ∈ C 1 (S n−1 , R m ), ϕ 2 ∈ C(S n−1 , R m ) and g ∈ C(B n , R m ). Of particular interest to us is the following inhomogeneous biharmonic equation: and ∂f k /∂n denotes the differentiation in the inward normal direction for k ∈ {1, . . . , m}. In particular, if g ≡ 0, then the solutions to (1.1) are biharmonic mappings (see [5, 13, 29] ).
The inhomogeneous biharmonic equations arise in areas of continuum mechanics, including linear elasticity theory and the solution of Stokes flows (cf. [14, 22, 30, 31] ). Most important applications of the theory of the inhomogeneous biharmonic equations were obtained in the plane theory of elasticity and in the approximate theory of plates subject to normal loading (cf. [23, 30] ). This article continues the study of the previous work of [6] , and is mainly motivated by the articles of Dyakonov [7, 8] , Kalaj [19] and Li et al. [24] . In order to state our main results, we introduce some necessary terminologies.
For x ∈ B n and ζ ∈ S n−1 , let
Here K n is called a biharmonic Poisson kernel. For x, y ∈ R n \{0}, we define x * = x/|x|, y * = y/|y|,
Also, for x, y ∈ B n with x = y, we use G 2,n (x, y) to denote the biharmonic Green function (cf. [12] ):
where
is the (n − 1)-dimensional surface area of S n−1 , c n = 1/ 2(4 − n)(2 − n)A n−1 for n = 2, 4, and c n = 1/ 8(−1) n/2+1 A n−1 for n = 2, 4.
1.3.
Main results. For n = 2, Li and Ponnusamy [24] established a representation formula and the uniqueness of the solutions to (1.1). In the following, we prove the representation formula and the uniqueness of the solutions to (1.1) for n ≥ 2.
Theorem 1.1. For positive integers n ≥ 2 and m ≥ 1, suppose that
where dσ denotes the normalized Lebesgue surface measure on S n−1 and dV is the Lebesgue volume measure on
Heinz in his classical paper [15] showed that the following result which is called the Heinz-Schwarz type inequality of harmonic mappings: If f is a harmonic mapping of D into D with f (0) = 0, then
Later, Hethcote [16] removed the assumption f (0) = 0 and proved the following inequality
where f is a harmonic mapping from D into itself (see also [25, Theorem 3.6 .1]). For n ≥ 3, the classical Heinz-Schwarz type inequality of harmonic mappings in B n infers that if f is a harmonic mapping of B n into itself satisfying f (0) = 0, then
where e n = (0, . . . , 0, 1) and U is a harmonic function of B n into [−1, 1] defined by
Here χ is the indicator function and S
). In [19] , Kalaj showed that the following result for harmonic mappings f of B n into itself:
By analogy with the inequality (1.3), we obtain the following result.
shows that the estimate of (1.4) is sharp in B n , where M is a constant. Remark 1.1. For n = 2, 3, 4, we compute the values of U * (re n ) and U(re n ), repectively, where r = |x|. Let ζ = (ζ 1 , . . . , ζ n ) ∈ S n−1 such that ζ n = cos θ, where θ is the angle between the vector x and x n axis. Let m(r) = 2r/(1 + r 2 ). Elementary calculations lead to
, which imply that where
Since (−1)
, where j ∈ {0, 1, . . . , }, we see that Q(r) can be rewritten as
where 4 F 3 is defined in [10] . By applying [10, Eq. 3.1.8] to (1.5), we obtain the values of U * (re n ) (see the Table 1 ). The values of U(re n ) follows from [19, Remark 2.7] (see also the Table 1) .
A continuous increasing function ω : [0, ∞) → [0, ∞) with ω(0) = 0 is called a majorant if ω(t)/t is non-increasing for t > 0 (cf. [7, 8] 
Dyakonov [7, 8] characterized the analytic functions of class L ω (D, C) in terms of their modulus (see also [26] ). In [28] , Shiga discussed the modulus of continuity of analytic functions with respect to the majorant
where α > 0. It is well-known that the condition u ∈ L ω (S 1 , C) is not enough to guarantee that its harmonic extension P [ψ] belongs to L ω (D, C), where ω(t) = t and For a boundary function which is Lipschitz continuous, if its harmonic extension is quasiregular, then this extension is also Lipschitz continuous. Recently, the relationship of the Lipschitz continuity between the boundary functions and their harmonic extensions has attracted much attention (see [4, 6, 17, 20, 24] ). Li and Ponnusamy [24] discussed the Lipschitz characteristic of solutions to the inhomogeneous biharmonic equation (1.1) for n = 2. The same problem in the space is much more complicated because of the lack of the techniques of complex analysis. For n ≥ 2, we will investigate the Lipschitz continuity (or the modulus of continuity) of the solutions to (1.1) as follows. Theorem 1.3. Suppose that n ≥ 2 and m ≥ 1 are integers, and ω is a majorant satisfying lim sup
The rest of this article is organized as follows. In section 2, some necessary notations and useful results will be introduced. In section 3, Theorem 1.1 will be proved. Theorems 1.2 and 1.3 will be showed in sections 4 and 5, respectively.
Preliminaries
2.1. Gauss Hypergeometric Functions. For a, b, c ∈ R with c = 0, −1, −2, . . . , the hypergeometric function is defined by the power series
where Γ is the Gamma function (cf. [27] ).
Möbius Transformations of B
n . For any fixed x ∈ B n , the Möbius transformation in B n is defined by
The set of isometries of the hyperbolic unit ball is a Kleinian subgroup of all Möbius transformations of the extended spaces R n ∪ {∞} onto itself. In the following, we make use of the automorphism group Aut(B n ) consisting of all Möbius transformations of the unit ball B n onto itself. We recall the following facts from [3] : For x ∈ B n and φ x ∈ Aut(B n ), we have φ
Matrix notations.
For an m × n matrix A = (a ij ) m×n , the operator norm of A is defined by
and the matrix function l(A) is defined by
where D j f i (x) = ∂f i (x)/∂x j , T is the transpose and the gradients ∇f j (j = 1, . . . , m) are understood as column vectors.
Spherical coordinate transformation. Let
be the following spherical coordinate transformation
to denote the Jacobian of Q.
The representation formula of solutions to the inhomogeneous biharmonic Dirichlet problems
The proof of Theorem 1.
, if Φ satisfies the following homogeneous biharmonic equation
Then, by using Boggio's formula (cf. [9, 11] ), we see that
is an unique solution to (3.1).
In order to obtain the solution to (1.1), we also need consider the following biharmonic equation
and g ∈ C(B n , R m ). For each fixed y ∈ B n , elementary calculations lead to
where δ y (x) denotes the Dirac distribution concentrated at the point y ∈ B n . Hence
is an unique solution to (3.3). It follows from (3.2) and (3.4) that
is the only solution to (1.1). The proof of this theorem is complete. 
where B(., .) denotes the beta function.
The proof of Theorem 1.2. For x ∈ B n , let
Then Φ is biharmonic in B n . We first assume that x = |x|e n is on the ray [0, e n ], where e n = (0, . . . , 0, 1). Then we have
and
By calculations, we obtain
It follows from (4.1), (4.2) and (4.3) that
If x is not on the ray [0, e n ], then we choose a unitary transformation O such that O(e n ) = x/|x|. By making use of the biharmonic mapping B(y) = Φ(O(y)), we get
which, together with (4.4), implies that, for any x ∈ B n ,
Next, we estimate |G[g]|.
which, together with (2.2), we have
By [12, Lemma 2.1], we know that G 2,n (x, y) > 0. Then, by changing variables, we obtain (4.7)
. Now we estimate G 1 and G 2 . Using the spherical coordinates and Lemma A, we obtain
(k + 1)(k + 2)(n + 2k)(n + 2k + 2) 2n(n + 2) ρ 2k |x| 2k , which gives that
.
It follows from (4.7), (4.9) and (4.10) that
Case 2. n = 2. For x, y ∈ B 2 , let z = φ x (y) ∈ Aut(B 2 ). By (2.2), (2.3) and Lemma A, we have
which, together with G 2,2 (x, y) > 0, yields that
Case 3. n = 4. Since G 2,4 (x, y) > 0 for x, y ∈ B 4 , by (4.8), we see that
G 2,4 (x, y)dV (y) (4.13)
where z = φ x (y). Hence (1.4) follows from (4.5), (4.11), (4.12) and (4.13). The proof of this theorem is complete.
modulus of continuity of solutions to the inhomogeneous biharmonic Dirichlet problems
Proof. By the spherical coordinate transformation (see section 2.4) and Lemma A, we have
Elementary computations show that
which, together with (5.1), implies that
The proof of this lemma is finished.
Lemma B. ([21, Lemma 2.5])
Let ̺ be a bounded (absolutely) integrable function defined on a bounded domain Ω ⊂ R n . Then the potential type integral
The proof of Theorem 1.3. We divide the proof of this theorem into four steps.
Step 5.1. The estimate of
For x = (x 1 , . . . , x n ) ∈ B n and ζ = (ζ 1 , . . . , ζ n ) ∈ S n−1 , we obtain
where k ∈ {1, . . . , n}. Then, for any ξ = (ξ 1 , . . . , ξ n ) ∈ R n \ {0}, we obtain
, which, together with Cauchy-Schwarz's inequality, implies that
where ·, · is the Euclidean inner product. By (5.2) and Lemma 5.1, for x = |x|x * ∈ B n \ {0}, we get
Now we first estimate I 1 and I 2 . By (5.1) and Cauchy-Schwarz's inequality, we have
Simple calculations show that, for ζ ∈ S n−1 ,
By (5.4), (5.5) and (5.6), we have
, n > 4.
Applying (5.1), (5.5) and (5.6), we obtain
Next, we estimate I 3 and I 4 . By (5.5) and (5.6), we get (5.9) (2) and
It follows from (5.3), (5.7), (5.8), (5.9) and (5.10) that
Step 5.2. The estimate of |D H[ϕ 2 ] |.
where k ∈ {1, . . . , n}. Then, for any ξ = (ξ 1 , . . . , ξ n ) ∈ R n \ {0}, we have
, which, together with Cauchy-Schwarz's inequality, gives that
Applying (5.4) and (5.12), we see that
Step 5.3. The estimate of
Case 1. n = 2, 4. For x = (x 1 , . . . , x n ), y = (y 1 , . . . , y n ) ∈ B n with x = y, we have
Then, for any ξ = (ξ 1 , . . . , ξ n ) ∈ R n \ {0}, we get
which, together with Lemma B, yields that
. Then, by (2.3) and (4.6), we have
It follows from (5.1) that
which, together with (5.16), implies that (5.17)
Next, we estimate I 6 . By (2.2), we have
which gives that
Applying (4.6) and (5.18), we see that
which, together with (4.6) and (5.17), implies that (5.20)
At last, we estimate I 7 and I 8 . It follows from (5.19) that (5.21)
by (5.19), we see that 
Case 2. n = 2. For x = (x 1 , x 2 ), y = (y 1 , y 2 ) ∈ B n with x = y, we have
which gives that, for any ξ = (ξ 1 , ξ 2 ) ∈ R 2 \ {0},
where k ∈ {1, 2}. Then, by (5.24) and Lemma B, we have
Now we estimate I 9 . By Cauchy-Schwarz's inequality and Lemma A, we see that
Let z = φ x (y) ∈ Aut(B n ). Then, by (4.6) and (5.26), we get
At last, we estimate I 10 . Since φ x (y) ∈ Aut(B n ), we see that Case 3. n = 4. For x = (x 1 , x 2 , x 3 , x 4 ), y = (y 1 , y 2 , y 3 , y 4 ) ∈ B n with x = y, we have
which yields that, for any ξ = (ξ 1 , ξ 2 , ξ 3 , ξ 4 ) ∈ R n \ {0}, | ∇G 2,4 (x, y), ξ | ≤ 2|c 4 | (1 − |y| 2 ) 1 + |y| 2 − 2 x, y |x| + (x ⊗ y)|y| Step 5.4. The Lipschitz continuity of f .
By (5.11), (5.13) and (5.35), we see that there is a constant M 6 (n, ϕ 2 ∞ , g ∞ ) such that |D f (x)| ≤ M 6 (n, ϕ 2 ∞ , g ∞ ), which yields that, for any a, b ∈ B n ,
The proof of this theorem is complete.
